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The differential matrix Riccati equation with matrix variable coeflkients, arising 
in transport theory, is considered. An analytical approximation of the solution f
the non-linear equation is investigated using the Adomian decomposition method, 
and an application t  eutron steady-state process is proposed to test he accuracy 
of the method. i 1988 Academic Press. Inc. 
INTRODUCTION 
The matrix Riccati equations (M.R.E.) arise naturally in classical 
analysis and in modern control theory [11, as well as in the mathematical 
procedures ofinvariant imbedding and scattering processes [2]. 
In particular, the analysis ofthe global existence ofsolutions for the 
differential equation of Riccati ype, 
R’(x) = B(x) + D=(x) R(x) + R(x) D(x) + R(x) C(x) R(x), (1) 
has been realized, when B( .) and C( .) are symmetric matrix-valued 
functions, a suming B( .) positive s midelinite, n [3], and its tructural 
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stability of equilibria, assuming C(. ) positive semidefinite, has been dealt 
with in [4]. 
In this paper we consider the M.R.E. arising ina neutron transport 
process, 
R’(x) = B(x) +D(x) R(x) +R(x) D(x) +R(x) B(x) R(x), (2) 
subject tothe initial condition R(0) =0, where B( .), D( .) are continuous 
non-negative n x n matrix valued functions, andwe apply the decom- 
position method [S] in order to give an analytical approximation of the 
solution of the non-linear quation (2). 
To show the accuracy ofthe method, a model of a neutron steady-state 
transport process i proposed, which allows us to evaluate he matrix 
coefficient functions i  arather simple way. 
Different order approximations of the solution are obtained and 
compared with the direct numerical integration of (2). 
DESCRIPTION OF THE MATHEMATICAL METHOD 
Let us first recall that he standard local existence th orem assures that 
(2) has a solution R( .), defined onsome initial nterval (0,a), which, inour 
context of invariant imbedding formulation, assumes the meaning of 
reflection matrix [6]. 
Existence of the solution n whole space, asit can be physically expected, 
can be prooved on the basis of non-negativity properties of R and on 
conservation arguments which can provide boundness ofthe solutions. 
Keeping this in mind, consider Eq. (2), which, suppressing the argument 
x, can be rewritten as 
R’=B+DR+RD+RBR, (3) 
where B, D, and R are nx n matrices and the lements of B and D are such 
that b,(x) 2 0, d,(x) 2 0 for i#j, and d,(x) d 0. 
Let now L = d/dx so that LR = R’, formally HR = DR + RD and NCR] 
or simply NR = RBR, where N is a non-linear operator. 
The matrix equation (3) assumes the compact form 
LR=B+HR+NR (4) 
or the equivalent integral one, in terms of the inverse operator 
L-‘=J,” [.]ds: 
R=L-‘B+L-‘HR+L-‘NR. (5) 
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We now apply the decomposition method [6,7], assuming the decom- 
position R =C,“=O R, and writing the non-linear p t NCR] or NR by 
means of the A, terms defined byAdomian [6,7]; i.e., 
NR= f A,,. (6) 
n=O 
Thus (5 ) becomes 
i R,=Lp’B+Lp’H f R,+L-’ f A,. 
ll=O ?I=0 n=O 
The components R, are therefore easily identified as 
R,= L-‘B 
R, = L-‘HR,+ Lp’A, 
R,= L-‘HR, -I- L-IA, 
(7) 
(8) 
~,=L-~HR,~,+L-~A,+,, n21 
The A,, matrices involved inthe previous developments arenow 
generated, with an analogous procedure to the one employed inthe decom- 
position method [S, 61 where reference is made repeatedly to the A,, 
polynomials, s 
A,= R,BR, 
A,=R,BR,+R,BR, 
A2=R,BR1+RoBR,+R,BRo (9) 
A,= i RiBR,pi, n 2 0. 
i=O 
The decomposition components ofR are now obviously calculable, 
inserting (9)into (8), as 
R,= L-‘B 
R, = L-‘HR,+ L-‘RoBRo 
R,=L-‘HR,+L-‘(R,BR,+R,BR,) (10) 
R,= L-‘HR,-,+ L-’ (‘9’ RiBRn-ijy n>, 1. 
,=O 
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At last, since HR = DR + RD, Eq. (10) may be solved recursively as 
Ro=Lp’B 
RI=L~‘{DR,+R,D}+L~‘R,BR, 
R,= Lp’(DR, + R,Dj + Lp’{RoBR, + R,BR,} (11) 
R”=L-‘(DR”-.,+R,-,Dj+L~’ n> 1. 
Assuming the notation f[S, 71, the n-term approximate othe solution 
R is @,=C::d R,, n> 1. 
When the B and D matrices are given, a specific R matrix solution fthe 
M.R.E. (2) can be evaluated toa desired approximation. 
APPLICATION: A NEUTRON STEADY-STATE PROCESS WITH 
DISCRETE ENERGY LEVELS 
As shown in detail in [6, Chap. 21, we consider the following 
mathematical model describing the steady-state transport process of 
n-species in one dimension, 
R’(x) = B(x) + D(x) R(x) + R(x) D(x) + R(x) B(x) R(x), R(0) = 0 
T’(x) = T(x)(D(x) + B(x) R(x)), T(O)=Z (12) 
L’(x) = L(s)(D(x) + B(x) R(x)) + F(x)(l+ R(x)), L(0) = 0, 
where R(x), T(x), L(x) represent the unknown n x n reflection, trans- 
mission, and absorption flux matrices, and D(x), B(x), F(x) represent the 
n x n forward scattering, back scattering, and absorption coefficient 
matrices, respectively. 
We restrict ourattention tothe first equation which is uncoupled and 
“non-linear,” leaving the relatively easier p oblem of solving the remaining 
“linear” equation, once the first issolved. 
The finite dimension n,common for ail matrices, describes the number of 
different types j( j= 1, . . n) of particles moving in either direction along 
the rod, corresponding to the possible quantum states ofincident particles. 
We consider, in particular, 3 x 3matrices related tothe neutron diffusion 
problem in a non-homogeneous carbon-12 rod, with linearly varying mass 
density p(x) because of manufacturing processes. 
The axially incoming flow is supposed to be monocromatic with assigned 
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energy E so that he only column index different from 0is j= 1, for every 
matrix involved in Eqs. (12). 
The main physical assumptions as well as the meaning of the coefficients 
are reported under Appendix 1, while some further physical justification, 
the geometry ofthe system, and a list of symbols are given under Appen- 
dix 2. 
The model considers thediffusion of neutrons inthe following way: 
(i) Neutrons which do not interact wi h the carbon nucleus, travelling 
unperturbed in the same direction. Si ce their energy level does not change, 
they are characterized by thecouple of indices (1, 1). 
(ii) Neutrons which interact with the carbon ucleus in the 
fundamental state with elastic scattering. Since the energy variation of the 
carbon-12 is negligible, we donot consider the possible loss of energy for 
such neutrons, so they are again characterized by thesame couple (1, 1) as 
before. 
(iii) Neutrons which interact wi h the carbon ucleus with inelastic 
scattering, leaving the carbon residual nucleus in the final state 
corresponding to the first excited level, index i= 2, that is couple (2, 1), or 
in the second excited level, index i= 3, that is couple (3, 1). 
Therefore the coefficients ca  beeasily evaluated, as we deduce by 
substituting Eqs. (A2.2)-(A2.5) of Appendix 2 into Eqs. (A2.6b(A2.8) in 
the form 
dil(X) = Ptx) %{:” dq jy2 (~)iIsinBdB=p(x)I,, i=2,3 (13) 
b,,(x) = P(X) ~~~~drpi~,2(~),,sinBde=p(x)J,, i=l,2,3 (14) 
- ‘ass)- 2 (hi,(x) + dil(x)) 
r=2 
(15) 
while, from Eq. (A 1.1) of Appendix 1,we obtain 
d,,(x) = -P(X) % (cm -~ass)-b,,(X)=P(X)Z,1. ( 6) 
We leave to Appendix 3 a list ofthe values ofIi, and Jilt i = 1, 2, 3. 
Thanks to the aforementioned assumptions, the further equalities hold: 
d,(x) = b,(x) = 0, i= 1,2, 3, j=2,3. (17) 
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We can now evaluate he decomposition terms defined byEqs. (1 l), 
which in the proposed model, for the first three terms, result as
J,, 00 
R,=P2(x) Jzl 0 0 I 1 J,,00 
~,=~~~x~[~~~~~]+~~~x~iJ~~[~~~r~]+~~, [;;i;&]/ 
R2=~,~(x)i3;18~]+~*(x, jlilr [;:;kB]+J,l [;;!:;]I 
where Pk(x) and C,(X) denote polynomials of degree k and h; their 
expression s given under Appendix 3.Analogous calculations leadto 
further terms. 
The numerical calculations have been realized with four terms. 
Therefore, w  have considered the first-, second-, and third-order 
approximations R’(x), R2(x), R3(x) of the solution R(x), respectively: 
R’ = R, + R, = [r;(x)] (19) 
R” = R, + R, + R, = [r;(x)] (20) 
R3 = R, + R, + R, + R, = [r;(x)]. (21) 
Let 
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FIGURE 1 
So, the behaviours epresented in Fig. 1 correspond tothe following 
different approximate solutions: 
t-f,(x) = riO) + r]‘) i= 1, 2, 3 (22) 
r$(x) = rj” + r]l) + ri?) i= 1, 2, 3 (23) 
r$(.x) = rio) + r:‘I + rl*) + rj3) i= 1, 2, 3. (24) 
Comparison between analytic solutions obtained by decomposition 
method and numerical integration show very satisfactory ag eement for 
xd 1. 
Accuracy can be improved either by adding additional terms in the 
decomposition, which involves routine but cumbersome calculations, r by
using the continuous approximation technique [9], which uses the decom- 
position technique ondiscretized time intervals where the final condition is
taken as initial condition for the following time interval. As shown in [9] 
this is generally obtained by recurrent analytic formula. 
We conclude by remarking that a deterministic problem has been 
considered here. On the other hand, the method is fully general including 
the more interesting stochastic case where, for instance, the natural 
stochasticity appears in the properties of the matter. 
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APPENDIX 1 
In order to justify the mathematical model employed to test he 
proposed approximate method, wesummarize the main assumptions i  the 
particular case considered. 
(a) The incident neutrons donot interact or collide with each other, 
which excludes particle multiplication (no fission occurs), andno external 
source isconsidered. 
(b) Neutrons, whose common energy level, equal to the initial one
(monocromatic flow), corresponds to the index j= 1, interacting w ththe 
carbon in a section x of the rod, give rise to absorption or to scattering 
which may be forward or backward only, and may change their energy 
level corresponding to j = 1 into the one corresponding to i = 1,2,3. 
(c) The incident flux has unity intensity, which is justified s nce the 
first assumption implies a linear dependence of the unknown variables on 
flux intensity. 
Since our aim is to give an approximate evaluation of the lements rV(x) 
of the unknown matrix R, after a proper computation of the lements d,(x) 
and b,(x) of matrices D and B, we briefly recall the meanings of the 
variables: 
~,r (x): expected flux of the neutrons incoming instate j = 1, being 
reflected in state i= 1, 2, 3 from the segment of rod of length x.
d;,(x): forward scattering coefficients r lated to the xpected number 
of neutrons incoming instate j=1 and leaving a section x of the rod in 
state i =2, 3, moving in the same direction. 
d,,(x): coefficient analogous tothe previous one, but referred to 
neutrons which do not change their nitial energy level. 
bi,(.x): backward scattering coefficients related tothe expected 
number of neutrons incoming instate j=1 and leaving a section x of the 
rod in state i = 1, 2, 3, moving in the opposite direction. 
f-11(x): absorption coefficient r lated tothe expected number of 
neutrons absorbed bythe rod (the state does not change). 
All these quantities are non-negative as assumed at the beginning of the 
previous section, save d,,(x) which, thanks to conservation relation, is such 
that 
dll(-x)= - i bil(x)+ t dil(x)+fil(-x) . 
( i= 1 r=2 > 
(Al.l) 
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TABLE I 
Energies of the Corresponding j = 1 incoming flow ith 
“C residual 
I------- --------y-------------- 
neutron state E= 14.10 Mev 
nucleus ( MeV) 
7.66 d 
,, b,, 
I 
~~~- ------------- - 
Anelas. scatt. to the 3rd level 
4.43 d bzt 2! 
I J/v 
i=2 Anelas. scatt. to the 2nd level 
0 ) d,, b,, / / i= 1 Elasticscattering 
0 d,, i= 1 No interaction 
I 
APPENDIX 2 
The proposed physical model is synthesized n Table I. 
We refer toa rod whose symmetric axis is assumed to be polar, asshown 
in Fig. 2 where 0, is the forward scattering angle, 0 ~ [0, I[; 8, is the 
backward scattering angle, ohE [$, rc[. Then, we utilized experimental data
given in [S]. 
Let us now introduce thfollowing symbols: 
NfR, Ni, N,: nuclear reaction number which may occur in forward 
scattering, backward scattering, or in both, respectively. 
Nin, Ness: incident neutron number, absorbed neutron number. 
A, aass: rod section, small compared with its length, absorption 
section. 
atot, gel. . total cross ection, elastic section, whose values are 
1.30 x 1O-24 cm*, 0.775 x 1O-24 cm’, respectively. 
da/dQ, dQ: cross section, solid angle. 
N AVI A: Avogadro’s number 6.03 x 1023, atomic weight of carbon-12. 
p: density ofthe C-12 rod, varying with the law: p(x) = -0.77.x + 2.3. 
i 
0 
incoming flow 
x \ A 
I 
*r 
i 
x 9 
* AC+ 
0 z 
9, 
Y 
FIGURE 2
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Since 
N J&PA 
R A I 
* dQ N,, 
qn dQ 
(A2.1) 
it results 
Nf+ y j:n dq 17 g sin 8de N,, 
N,,pA 2n Ni=- 
j j 
= do 
A o 
dcp n,2 z sm 0 de Ni”. 
In addition, we have 
NAV PA N,,, =___ Q 
A ass 3 
(A2.2) 
(A2.3) 
(A2.4) 
where 
(7 ass = d 101 - OcI - i j’” dq l: ($>, sin 8de. (A2.5) 
i=* O 
Now, let us recall that o terms of order A the following equalities hold: 
d&)A=? i=2,3 (A2.6) 
I” 
bi,(X)A = 2 
(A2.7) 
i= 1, 2, 3 (A2.8) In 
APPENDIX 3 
Considering the experimental d ta given in [S], the integrals of 
Eqs. (13)-( 16) have been numerically computed so that he quantities Ii,, 
Jil assume the following values: 
III = -320.957 x 1O-4 
I,, = 32.520 x 10P4 
I,, =2.24167 x 1O-4 
J,, =57.146 x 1O-4 
JzI = 26.8369 x 1O-4 
J31 = 1.2345 x lop4 
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The polynomials which figure inEqs. (18) are 
P,(x) = ax’ + hx 
where a= -0.77 and b = 2.3. 
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